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Abstract Families of vector-like deformed relativistic
quantum phase spaces and corresponding realizations are
analyzed. A method for a general construction of the star
product is presented. The corresponding twist, expressed
in terms of phase space coordinates, in the Hopf alge-
broid sense is presented. General linear realizations are
considered and corresponding twists, in terms of momenta
and Poincaré–Weyl generators or gl(n) generators are con-
structed and R-matrix is discussed. A classification of linear
realizations leading to vector-like deformed phase spaces
is given. There are three types of spaces: (i) commuta-
tive spaces, (ii) κ-Minkowski spaces and (iii) κ-Snyder
spaces. The corresponding star products are (i) associative
and commutative (but non-local), (ii) associative and non-
commutative and (iii) non-associative and non-commutative,
respectively. Twisted symmetry algebras are considered.
Transposed twists and left–right dual algebras are presented.
Finally, some physical applications are discussed.
1 Introduction
Reconciliation of quantum mechanics and general relativ-
ity, leading to a formulation of quantum gravity, is a long-
standing problem in theoretical physics. At very high ener-
gies, gravitational effects can no longer be neglected and
spacetime is no longer a smooth manifold but rather a fuzzy
space or some type of non-commutative space [1,2]. Non-
commutative geometry is one of the candidates for describ-
ing the physics at the Planck scale. Combined analyses of
Einstein’s general relativity and Heisenberg’s uncertainty
principle lead to a very general class of non-commutative
spacetimes [1], for example Gronenwald–Moyal plane [3,4]
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and κ-Minkowski algebra [5–11]. Generally, physical theo-
ries on non-commutative manifolds require a new framework
of non-commutative geometry [12]. In this framework, the
search for generalized (quantum) symmetries that leave the
physical action invariant leads to deformation of the Poincaré
symmetry, with κ-Poincaré symmetry being one of the ones
most extensively studied [5–10,13–22]
One example of a deformed relativistic symmetry that
could describe the physics at the Planck scale is the κ-
deformed Poincaré Hopf algebra symmetry, where κ is the
deformation parameter, usually corresponding to the Planck
scale. It has been shown that a quantum field theory with
κ-Poincaré symmetry emerges in a certain limit of quantum
gravity coupled to matter fields [23–27], which amounts to a
non-commutative field theory on the κ-deformed Minkowski
space.
It is well known [3,28–30] that deformations of a sym-
metry group can be realized through application of Drinfeld
twists on that symmetry group [31–34]. The main virtue of
the twist formulation is that the deformed, twisted symmetry
algebra is the same as the original undeformed one. There
is only a change in the coalgebra structure [3], which then
leads to the same single particle Hilbert space and free field
structure as in the corresponding commutative theory.
In [35], complete analysis of linear realizations for κ-
Minkowski space that are expressed in terms of generators of
the gl(n) algebra was given. A method for constructing Drin-
feld twist operators, corresponding to each linear realization
of κ-Minkowski space satisfying cocycle and normalization
condition was presented. Symmetries generated by Drinfeld
twists were classified and κ-Minkowski space was embedded
into the Heisenberg algebra having natural Hopf algebroid
structure. In [36], a method for the construction of the star
product and twist in Hopf algebroid sense was presented.
Assuming vector-like deformations, we aim to explore
which kinds of deformed relativistic quantum phase spaces
can arise. In the present paper we consider general vector-
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like deformations of relativistic quantum phase space and
expand results from [35] to all possible linear realizations
and we construct the corresponding twists. Linear realiza-
tions and vector-like deformed spaces are classified in three
types and the related symmetry algebras are presented.
In Sect. 2, general vector-like deformed relativistic quan-
tum phase spaces are constructed and corresponding real-
izations are presented. In Sect. 3, the method for gen-
eral construction of star product and twist (expressed in
terms of phase space coordinates) in Hopf algebroid sense
is presented. In Sect. 4, linear realizations are considered
and corresponding twists (expressed in terms of momenta
and Poincaré–Weyl generators or gl(n) generators) are con-
structed. Also, the R-matrix is discussed. In Sect. 5, a classifi-
cation of linear realizations leading to vector-like deformed
phase spaces is given. There are three types of spaces: (i)
commutative spaces, (ii) κ-Minkowski spaces and (iii) κ-
Snyder spaces. In Sect. 6, twisted symmetry algebras are
considered. In Sect. 7, transposed twists and left–right dual
algebras are presented. Finally, an outlook and a discussion
are given in Sect. 8.
2 Vector-like deformations of relativistic quantum
phase spaces and realizations
Let us start with deformed phase space (deformed Heisen-
berg algebra) Hˆ generated by commutative momenta pμ
and generically non-commutative coordinates xˆμ, μ =
0, 1, . . . , n − 1 satisfying the following commutation rela-
tions:
[pμ, pν] = 0,
[pμ, xˆν] = −iϕμν
( p
M
)
,
[xˆμ, xˆν] = i
M
xˆαCμνα
( p
M
)
,
(1)
where M is the mass parameter, ϕμν
( p
M
)
is an invertible
matrix, and Cμνα
( p
M
) = −Cνμα
( p
M
)
are generalized struc-
ture constants depending on the momenta [36].
The matrix ϕμν is arbitrary and the structure constants
Cμνα are restricted by the Jacobi relations which include the
matrix ϕμν . In the limit M → ∞, the matrix ϕμν → ημν
and [xˆμ, xˆν] → 0, where ημν = diag(−1, 1, . . . , 1), or
more generally, instead of ημν , we have the metric gμν with
an arbitrary signature.
The deformed phase spaces, Eq. (1), generalize Lie alge-
bras. Note that if the xˆμ generate a given Lie algebra with
structure constants Cμνλ, then there are infinitely many pos-
sible matrices ϕμν , compatible with the Jacobi relations [36];
see also [37–39].
In the following, we shall put/fix M = 1. Now we consider
the most general matrix ϕμν describing vector-like deforma-
tions defined by vector uμ, u2 ∈ {−1, 0, 1}, i.e. time-, light-
and space-like, respectively [40];
ϕμ
ν(p) = δνμ f1+uμ pν f2+uμuν f3+uν pμ f4+pμ pν f5 (2)
where f1,...,5 are functions of A = u · p and B = p2.
In order to fullfil the commutation relations [pμ, xˆν] =
−iϕμν(p), Eq. (1), we consider a realization of xˆμ of the
form
xˆμ = xαϕαμ = xμ f1 + (u · x)pμ f2 + (u · x)uμ f3
+ (x · p)uμ f4 + (x · p)pμ f5 (3)
where xμ are commutative coordinates conjugate to pμ, i.e.
[xμ, xν] = 0,
[pμ, xν] = −iδνμ,
[pμ, pν] = 0,
(4)
describing the undeformed phase space Heisenberg algebra
H. The undeformed coordinates xμ generate an enveloping
algebra A, which is a subalgebra of the undeformed Heisen-
berg algebra, i.e. A ⊂ H. The momenta pμ generate the
algebra T , which is also a subalgebra of the undeformed
Heisenberg algebra, i.e. T ⊂ H. The undeformed Heisen-
berg algebra is, symbolically, H = AT .
Then the structure of the commutation relations [xˆμ, xˆν]
is given by
[xˆμ, xˆν] = i[(uμ xˆν − uν xˆμ)F1 + (xˆμ pν − xˆν pμ)F2
+ (u · xˆ)(uμ pν − uν pμ)F3
+ (xˆ · p)(uμ pν − uν pμ)F4] (5)
where F1,...,4 are also functions of A and B which can be
expressed in terms of the functions f1,...,5 and their deriva-
tives.
We point out that this construction, Eqs. (2) and (5), unifies
commutative spaces with ϕμν = δνμ, as well as various types
of NC spaces, including κ-Minkowski space [13,14], Snyder
type spaces [41–43] and κ-Snyder spaces [44,45]. Moyal
type spaces (θ -deformation) [4] could also be included in
this construction by adding χμ(p) in the realization of xˆμ,
i.e. xˆμ = xαϕαμ(p) + χμ(p). For example, the simplest
realization of Moyal space is xˆμ = xμ − 12θμα pα , where
θμν ∈ R is an antisymmetric tensor.
Note that quadratic algebras cannot be included in the
above construction and a new generalization is required.
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3 Star product and twist operator
The action  is defined by
xμ  f (x) = xμ f (x), (6)
pμ  f (x) = −i ∂ f
∂xμ
, i.e. pμ = −i ∂
∂xμ
≡ −i∂μ. (7)
Then it follows that [35]
xˆμ  1 = xμ, (8)
eik·xˆ  eiq·x = eiP(k,q)·x , kμ, qμ ∈ M1,n−1, (9)
where M1,n−1 is Minkowski momentum space and Pμ(k, q)
satisfies the differential equation
dPμ(λk, q)
dλ
= kαϕμα (P(λk, q)) (10)
with Pμ(k, 0) = Kμ(k), Pμ(0, q) = qμ and λ ∈ R.
Hence,
eik·xˆ  1 = ei K (k)·x (11)
and
ei K
−1(k)·xˆ  1 = eik·x , (12)
where K −1(k) is the inverse map of Kμ(k), i.e. K −1μ
(K (k)) = kμ.
The star product is defined by [35]
eik·x  eiq·x = ei K −1(k)·xˆ  eiq·x = eiD(k,q)·x , (13)
where
Dμ(k, q) = Pμ(K −1(k), q),
Dμ(k, 0) = kμ, Dμ(0, q) = qμ. (14)
The deformed addition of momenta is defined by
(k ⊕ q)μ = Dμ(k, q). (15)
The coproduct pμ is
pμ = Dμ(p ⊗ 1, 1 ⊗ p). (16)
For functions f (x) and g(x) which can be Fourier trans-
formed, the relation between star product and twist operator
is given by [46,47]
( f  g)(x) = m
[
F−1( ⊗ )( f (x) ⊗ g(x))
]
, (17)
where m is a map m : H ⊗H → H such that m(h1 ⊗ h2) =
h1h2 with h1, h2 ∈ H and
F−1 =: ei(1⊗xα)(−0)pα : +I0, (18)
where 0 pμ = pμ ⊗ 1 + 1 ⊗ pμ and I0 is the right ideal
defined by1
m [I0( ⊗ )( f (x) ⊗ g(x))] = 0. (19)
The symbol : · : denotes the normal ordering in which the x
stand to the left of the p.
If the generators xˆμ close the subalgebra, i.e. if the com-
mutator [xˆμ, xˆν] does not depend on the momenta, then the
PBW theorem holds, the star product is associative and the
coproduct is coassociative. The inverse statement also holds.
If the star product is associative, the twist operator Eq. (18)
satisfies the cocycle condition in the Hopf algebroid sense
and vice versa [47–52].
We also have
pμ = F0 pμF−1 = Dμ(p ⊗ 1, 1 ⊗ p), (20)
xˆμ = m
[
F−1( ⊗ 1)(xμ ⊗ 1)
]
= xμ+i xαm [(−0)pα( ⊗ 1)(xμ ⊗ 1)
]
= xαϕαμ(p), (21)
ei K
−1(k)·xˆ = m
[
F−1( ⊗ 1)(eik·x ⊗ 1)
]
. (22)
The above construction generalizes Sect. 4 in [35] to non-
associative star products. Note that the commutator [pμ, xˆν]
is given by
[pμ, xˆν] = −iδνμ + m{[0 pμ,F−1]( ⊗ 1)(xν ⊗ 1)}. (23)
4 Linear realizations and twists
In this section, we consider linear realizations of vector-like
deformed phase space, that is, the realizations where the func-
tion ϕμν(p) is linear in the momenta,
ϕμ
ν(p) = δνμ + c1δνμ(u · p) + c2uν pμ + c3uμuν(u · p)
+ c4uμ pν = δνμ + K ανμ pα, (24)
where K ανμ ∈ R is proportional to the deformation scale
1/M . In terms of c1,...,4, xˆμ = xαϕαμ(p) and K ανμ are
given by
xˆμ = xμ(1 + c1(u · p)) + c2uμ(x · p)
+ c3uμ(u · x)(u · p) + c4(u · x)pμ, (25)
K ανμ = c1δνμuα + c2uνδαμ + c3uαuνuμ + c4ηανuμ.
(26)
1 The ideal I0 (19) is generated by xμ ⊗ 1 − 1 ⊗ xμ .
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Since xˆμ = xαϕαμ(p) = xμ + K βμαxα pβ , then it follows
that
[xˆμ, xˆν] = (K μνα − K νμα)xˆα
+ i[K βμα K ανγ − K βνα K αμγ
− (K μνα − K νμα)K βαγ ]Lγ β, (27)
where Lμν = xμ pν . The generators Lμν and the momenta
pμ generate the igl(n) algebra:
[Lαβ, Lγ δ] = i(δαδ Lγ β − δγβ Lαδ)
[Lμν, pλ] = iδμλ pν
(28)
and
[Lμν, xλ] = −iδλν xμ. (29)
The generators xˆμ and Lμν close a Lie algebra,
[Lμν, xˆλ] = −iδλν xˆμ+i(δλν K βμα+δβν K μλα−δμα K βλν)Lαβ.
(30)
The Lie algebra is closed in xˆμ if
K βμλK λνα − K βνλK λμα = (K μνλ − K νμλ)K βλα (31)
and Cμνλ = K μνλ − K νμλ are structure constants, i.e.
[xˆμ, xˆν] = iCμνλ xˆλ.
Application of Eqs. (10) and (14) to the algebra {xˆμ, Lμν}
gives
Pμ(k, q) =
(
1 − e−K(k)
K(k)
)
α
μkα +
(
e−K(k)
)
α
μqα, (32)
where K(k)μν = −K μανkα . Specially,
Kμ(k) = Pμ(k, 0) =
(
1 − e−K(k)
K(k)
)
α
μkα. (33)
The function Dμ(k, q) is given by
Dμ(k, q) = Pμ(K −1(k), q) = kμ +
(
e−K(K −1(k))
)
α
μqα,
(34)
which defines the deformed addition of momenta. For lin-
ear realizations, the star product is associative if and only
if condition (31) is satisfied. Up to the second order in the
deformation, the function Dμ(k, q) is given by
Dμ(k, q) = kμ + qμ + K βαμkαqβ
+ 1
2
(K γβλK λαμ − K αβλK γ λμ)kαkβqγ
+O(1/M3). (35)
It is straightforward to show that the deformed addition of
momenta (k ⊕ q)μ = Dμ(k, q) is associative in the first
order and in order to be associative in the second order,
condition (31) has to be satisfied, which also implies a Lie
algebra closed in xˆμ. The Lie algebra closed in xˆμ leads
to the associative star product, which leads to an asso-
ciative Dμ(k, q), which implies that for linear realizations
(k ⊕ q)μ = Dμ(k, q) is associative in all orders if and only
if the condition (31) is satisfied.
The deformed coproduct of the momenta  : T → T ⊗T
is
pμ = Dμ(p ⊗ 1, 1⊗ p) = pμ ⊗ 1+
(
e−K(pW )
)
α
μ ⊗ pα,
(36)
where pWμ = K −1μ (p) and it is a function of the momenta
with the property
(pWμ − kμ)eik·xˆ  1 = 0, (37)
where W stands for Weyl ordering. For details of the calcu-
lation of pWμ , see Appendix A. It follows that pμ is coasso-
ciative for linear realizations of the non-commutative coordi-
nates xˆμ if and only if xˆμ close a Lie algebra, i.e. if condition
(31) holds.
Note that the commutator [Lμν, xˆλ] is given by
[Lμν, xˆλ] = −iδλν xˆμ + m{[0Lμν,F−1]( ⊗ 1)(xλ ⊗ 1)}.
(38)
4.1 Twist and R-matrix
Combining Eq. (18) for the twist and Eq. (36) for the
deformed coproduct of momenta yields
F−1 =: exp
{
i
(
eK(pW ) − 1
)
β
α ⊗ xα pβ
}
: . (39)
Furthermore, it can be shown that
: ei Aβαxα pβ : = ei[ln(1+A)]βαxα pβ (40)
holds for any Aβα such that [Aαβ, Aγ δ] = 0 and [Aαβ, xγ
pδ] = 0; see Appendix B from [35]. Using the identity (40),
we find
F−1 = exp(−iK(pW )βα⊗xα pβ) = exp(i pWα ⊗(xˆα−xα)).
(41)
Twist (39) is written in Hopf algebroid approach [46,47].
The main point is that it can be written in the standard form
(41), where xα pβ is identified with the gl(n) generators Lαβ ,
satisfying (28).
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The twist (41) satisfies the normalization condition
m( ⊗ 1)F = 1 = m(1 ⊗ )F . (42)
For linear realizations xˆμ that close a Lie algebra
[xˆμ, xˆν] = i(c1 − c2)(uμ xˆν − uν xˆμ), the twist (41) will
satisfy the cocycle condition for arbitrary choice of vector
uμ,
(F ⊗ 1)(0 ⊗ 1)F = (1 ⊗ F)(1 ⊗ 0)F . (43)
The proof is analogous to the one provided in [35]. Generally,
if condition (31) is not satisfied, twist (41) will not satisfy
the cocycle condition (43).
The R-matrix is given by [46] (see also [53])
R = F˜F−1 = e−(xˆα−xα)⊗i pWα eipWβ ⊗(xˆβ−xβ), (44)
where F˜ = exp(−(xˆα − xα) ⊗ i pWα ) is the transposed twist
F˜ = τ0Fτ0, where τ0 : H ⊗ H → H ⊗ H is a linear map
such that τ0(A ⊗ B) = B ⊗ A ∀A, B ∈ H.
In the case of commutative spaces with [pμ, xˆν] = −iδνμ,
the coproducts pμ are cocommutative, the star product is
commutative, R − 1 ⊗ 1 ∈ I0 and F−1 − F˜−1 ∈ I0 (see
Eq. (19) for the definition of the right ideal I0).
The R-matrix is given by R = 1 ⊗ 1 + rcl + O(1/M2),
where rcl = i K βαγ (pα ⊗ Lγ β − Lγ β ⊗ pα) is the classical
r-matrix, which will satisfy the Yang–Baxter equation if and
only if the condition (31) is satisfied.
The twisted flip operator τ is defined by
τ = Fτ0F−1 = τ0R (45)
and it satisfies the following properties:
[h, τ ] = 0, ∀h ∈ H, (46)
τ 2 = 1 ⊗ 1. (47)
Projector operators for the twisted symmetric and antisym-
metric sectors of the Hilbert space are given by 12 (1⊗1±τ).
Using twisted flip operator, the bosonic state is defined by
f ⊗ g = τ( f ⊗ g) (48)
or equivalently
F−1( ⊗ )( f ⊗ g) = F˜−1( ⊗ )(g ⊗ f ). (49)
Note that the bosonic state remains invariant under the action
of the projector operator 12 (1 ⊗ 1 + τ) for the twisted sym-
metric sector of the Hilbert space.
5 Three types of star products from linear realizations
In this section, we present star products which are: (i) com-
mutative and associative (Sect. 5.1), (ii) non-commutative
and associative (Sect. 5.2) and (iii) non-commutative and
non-associative (Sect. 5.3).
5.1 Commutative spaces with [pμ, xˆν] = −iδνμ
Using linear realizations for xˆμ = xαϕαμ(p) with ϕμν(p)
given in Eq. (24), and using Eq. (27) restricted to the com-
mutative case, i.e. [xˆμ, xˆν] = 0, we find three families of
solutions for commutative spaces. We have
(i) : xˆμ = xμ + c3uμ(u · x)(u · p), c1 = c2 = c4 = 0,
(50)
(ii) : xˆμ = xμ + c3
[
uμ(u · x)(u · p) − u2(u · x)pμ
]
,
c1 = c2 = 0, c4 = −c3, (51)
(iii) : xˆμ = xμ
[
1 − c3u2(u · p)
]
+ c3uμ
[
(u · x)(u · p) − u2(x · p)
]
,
c1 = c2 = −c3, c4 = 0. (52)
For the sake of simplicity, c ≡ c3 will be used in the rest of
this subsection.
For the family (i),
Kμ(k) =
⎧
⎪⎪⎨
⎪⎪⎩
kμ +
(
ec(u·k)u2 − 1
c(u · k)u2 − 1
)
u · k
u2
uμ, u
2 = 0
kμ + 12 c(u · k)
2uμ, u2 = 0,
(53)
K −1μ (k) =
⎧
⎪⎪⎨
⎪⎪⎩
kμ − c cu
2(u · k) − ln[1 + cu2(u · k)]
(cu2)2
uμ, u
2 = 0
kμ − c (u · k)
2
2
uμ, u
2 = 0.
(54)
Functions Pμ(k, q) and Dμ(k, q) for the family i) are given
by
Pμ(k, q) =
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩
kμ + qμ + c(u · k)
[(
ecu
2(u·k) − 1
cu2(u · k) − 1
)
1
cu2
+e
cu2(u·k) − 1
cu2(u · k) (u · q)
]
uμ, u
2 = 0,
kμ + qμ + c(u · k)
(
u · k
2
+ u · q
)
uμ, u
2 = 0,
(55)
Dμ(k, q) = kμ + qμ + c(u · k)(u · q)uμ. (56)
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For the family (ii),
Kμ(k) = kμ + c2
[
(u · k)2 − u2k2
]
uμ, (57)
K −1μ (k) = kμ −
c
2
[
(u · k)2 − u2k2
]
uμ. (58)
Furthermore,
Pμ(k, q) = kμ + qμ + cuμ
[
(u · k)2 − u2k2
2
+ (u · k)(u · q) − u2(k · q)
]
, (59)
Dμ(k, q) = kμ + qμ + cuμ
[
(u · k)(u · q) − u2(k · q)
]
.
(60)
For the family (iii),
Kμ(k) =
⎧
⎪⎪⎨
⎪⎪⎩
e−cu2(u·k)kμ + 1 − e
−cu2(u·k)(1 + cu2(u · k))
c(u2)2
uμ, u
2 = 0,
kμ + 12 c(u · k)
2uμ, u2 = 0,
(61)
K −1μ (k) =
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
kμ
1−cu2(u·k)
+c(u · k)2 −cu2(u·k)−(1−cu2(u·k)) ln(1−cu2(u·k))
(cu2(u·k))2(1−cu2(u·k)) uμ, u
2 = 0,
kμ − c (u · k)
2
2
uμ, u
2 = 0,
(62)
Pμ(k, q) = Kμ(k)+qμ−cu2[Kμ(k)(u · q)+qμ(u · K (k))]
+ cuμ(u · K (k))(u · q), (63)
Dμ(k, q) = kμ + qμ − cu2[kμ(u · q)
+ qμ(u · k)] + cuμ(u · k)(u · q). (64)
Note that for each family of commutative spaces, Dμ(k, q) =
Dμ(q, k), which implies commutativity of the correspond-
ing star products and cocommutativity of the corresponding
coproducts. Also, for each of these families, Dμ(D(k1, k2),
k3) = Dμ(k1,D(k2, k3)), which implies associativity of the
corresponding star products and coassociativity of the corre-
sponding coproducts, which is consistent with [xˆμ, xˆν] = 0.
5.2 κ-Minkowski spaces
There are four families of linear realizations of κ-Minkowski
space. Their classification is given in [35]:
C1 : xˆμ = xμ + [c2(x · p) + c(u · x)(u · p)] uμ, (65)
C2 : xˆμ = xμ + c1xμ(u · p)
+ c [(u · x)(u · p) − (x · p)] uμ, (66)
C3 : xˆμ = xμ + [c2(x · p) + c(u · x)(u · p)] uμ
+ (c2 − c)(u · x)pμ, (67)
C4 : xˆμ = xμ + c1
[
xμ(u · p) − (u · x)pμ] ,
only for u2 = 0. (68)
The family C4 was also considered in [54,55]. For each fam-
ily, the parameters c1,...,4 are given by
C1 : c1 = 0, c2 ∈ R, c3 = c, c4 = 0, (69)
C2 : c1 ∈ R c2 = −c, c3 = c, c4 = 0, (70)
C3 : c1 = 0, c2 ∈ R, c3 = c, c4 = c2 − c, (71)
C4 : c1 ∈ R, c2 = 0, c3 = 0, c4 = −c1. (72)
We point out that c = 0 for u2 = 0 and c ∈ R for u2 = 0.
The commutator of the coordinates is given by
[xˆμ, xˆν] = i(c1 − c2)(uμ xˆν − uν xˆμ) ≡ i(aμ xˆν − aν xˆμ),
(73)
where aμ = (c1 − c2)uμ.
Explicitly, for C1, C2, C3 and C4, the functions K −1μ (k) and
Dμ(k, q) are given by
• Case C1:
K −1μ (k) =
⎧⎪⎨
⎪⎩
[
kμ − aμ
a2
(Z(k) − 1 − a · k)
] ln Z(k)
Z(k) − 1 , a
2 = 0,
kμ
ln Z(k)
Z(k) − 1 , a
2 = 0,
(74)
Dμ(k, q) =
⎧⎨
⎩
kμ + Z(k)qμ + aμ
a2
(Z(k)1−c − Z(k))(a · q), a2 = 0,
kμ + Z(k)qμ, a2 = 0,
(75)
where
Z(k) = [1 − (1 − c)a · k] 11−c . (76)
• Case C2:
K −1μ (k) =
⎧
⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩
[
kμ − aμ
a2
(1 − Z(k)−1 + a · k)
]
× ln Z(k)
1 − Z(k)−1 , a
2 = 0,
kμ
ln Z(k)
1 − Z(k)−1 , a
2 = 0,
(77)
Dμ(k, q) =
⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩
kμ +
(
Z(k)c − c
1 + c
)
qμ +
(
c
aμ
a2
+ (c − 1) K
−1
μ (k)
ln Z(k)
)
× Z(k)
−1 − Z(k)c
1 + c a · q, a
2 = 0,
kμ + qμ − K −1(k) Z(k)
−1 − 1
ln Z(k)
a · q, a2 = 0,
(78)
where
Z(k) = [1 − (c − 1)a · k] cc−1 . (79)
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• Case C3:
K −1μ (k) =
⎧
⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩
[
kμ − aμ
a2
(Z(k) − 1 + a · k)
]
× ln Z(k)
Z(k) − 1 , a
2 = 0,
[
kμ + aμk
2
Z(k)
]
ln Z(k)
Z(k) − 1 , a
2 = 0,
(80)
Dμ(k, q) =
⎧
⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩
kμ + Z(k)qμ + aμ
(
(1 + c) K
−1(k) · q
ln Z(k)
− c a · q
a2
)
×(Z(k) − 1)Z(k), a2 = 0,
kμ + Z(k)qμ
+aμ K
−1(k) · q
ln Z(k)
(Z(k) − 1)Z(k), a2 = 0,
(81)
where
Z(k) =
[
c + (1 − c)
(
(1 − a · k)2 − a2k2
)] 1
2(1−c)
.
(82)
• Case C4:
K −1μ (k) =
(
kμ + aμ2 k
2
) ln Z(k)
1 − Z(k)−1 , (83)
Dμ(k, q) =kμZ(q)−1 + qμ − aμ(k · q)Z(k)
− aμ
2
k2 Z(k)(a · k), (84)
where
Z(k) = 1
1 + a · k . (85)
Note that for each of these families, Dμ(D(k1, k2), k3) =
Dμ(k1,D(k2, k3)), which implies associativity of the corre-
sponding star products and coassociativity of the correspond-
ing coproducts, which is consistent with xˆμ closing a Lie
algebra, i.e. [xˆμ, xˆν] = iCμνλ xˆλ. In this case, the structure
constants Cμνλ are given by Cμνλ = aμδνλ − aνδμλ .
We note that the Jordanian twist, leading to κ-Minkowski
space [56], produces linear realizations xˆμ = xμ(1 + a · p),
which belongs to the case C2. A new construction of a simple
interpolation between two Jordanian twists, corresponding
to linear realizations C1 and C2, was proposed in [57].
5.3 Deformed phase spaces generated by Poincaré–Weyl
generators /κ-Snyder spaces
Here, we consider the algebras with c3 = 0 and c4 = −c1,
i.e. the realization is
xˆμ = xμ(1 + c1(u · p)) − c1(u · x)pμ + c2uμ(x · p)
= xμ − c1uα Mαμ + c2uμD (86)
where Mμν = Lμν − Lνμ are the Lorentz generators and
D = x · p is the dilatation operator.
The algebra of generators xˆμ, Mμν and D is given by
[xˆμ, xˆν ] = i(c1 − c2)(uμ xˆν − uν xˆμ)
+ic1[c1u2 Mμν − c2uα(uμMαν − uν Mαμ)],
[Mμν, xˆλ] = i
[
ημλ xˆν − ηνλ xˆμ
+c1(Mμλuν − Mνλuμ) − c2(ημλuν − ηνλuμ)D
]
,
[D, xˆμ] = −i xˆμ + ic1uα Mαμ − ic2uμD
[Mμν, Mρτ ] = i(ημρ Mντ − ηνρ Mμτ − ημτ Mνρ + ηντ Mμρ),
[Mμν, D] = 0. (87)
For the realization (86), the functions Kμ(k), K −1μ (k),
Pμ(k, q) and Dμ(k, q) are
Kμ(k) = kμ + 12
[
(c1 + c2)(u · k)kμ − c1k2uμ
]
+ 1
6
[
(c1 + c2)2(u · k)2 − c21k2u2
]
kμ
− 1
3
c1c2(u · k)k2uμ + O(1/M3), (88)
K −1μ (k) = kμ −
1
2
[
(c1 + c2)(u · k)kμ − c1k2uμ
]
+
[
(c1 + c2)2
3
(u · k)2 − c1
4
(c1
3
+ c2
)
k2u2
]
kμ
− c1
4
(
c1 + 5c23
)
(u · k)k2uμ + O(1/M3), (89)
Pμ(k, q) = Kμ(k) + qμ + c1
[
kμ(u · q) − (k · q)uμ
]
+ c2(u · k)qμ + O(1/M2), (90)
Dμ(k, q) = kμ + qμ + c1
[
kμ(u · q) − (k · q)uμ
]
+ c2(u · k)qμ + O(1/M2). (91)
The function Dμ(k, q) is associative only in two cases—in
the case c1 = 0, which corresponds to realization (65) (κ-
Minkowski C1) with c = 0, and in the case c2 = 0, u2 = 0,
which corresponds to the realization (68) (κ-Minkowski C4).
There are special cases of deformed phase space generated
by Poincaré generators appearing only in 1 + 1, 2 + 1 and
3 + 1 spacetime dimensions. Their realizations are given by
1 + 1 : xˆμ = xμ + cuμαβ Mαβ, (92)
2 + 1 : xˆμ = xμ + cuμαβγ Mαβuγ , (93)
3 + 1 : xˆμ = xμ + cμαβγ Mαβuγ , (94)
where αβ , αβγ and αβγ δ are the Levi-Civita tensors for
1+1, 2+1 and 3+1 dimensions, respectively. Commutators
of coordinates xˆμ are given by
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1 + 1 : [xˆμ, xˆν] = 2ic
[
(αμuν − ανuμ)xˆα + 2cu2 Mμν
]
,
(95)
2 + 1 : [xˆμ, xˆν] = 2icuα(αβμuν − αβνuμ)xˆβ, (96)
3 + 1 : [xˆμ, xˆν] = 4icμναβ xˆαuβ + 4ic2u2 Mμν. (97)
κ-Snyder spaces defined by xˆμ = xμ + cuα Mαμ, u2 = 0
were considered in [44,45].
6 Twisted symmetry algebras
In an undeformed igl(n) Hopf algebra, coproducts 0 :
igl(n) → igl(n)⊗igl(n), counit  : igl(n) → C and antipode
S0 : igl(n) → igl(n) are given by
0 pμ = pμ ⊗ 1 + 1 ⊗ pμ, (98)
0 Lμν = Lμν ⊗ 1 + 1 ⊗ Lμν, (99)
(pμ) = (Lμν) = 0,
(1) = 1, S0(pμ) = −pμ, S0(Lμν) = −Lμν. (100)
When applied to undeformed igl(n) algebra, the twist (41)
produces the corresponding deformed igl(n) Hopf alge-
bras or generalized Hopf algebras (quasi-bialgebras). For
h ∈ igl(n), the deformed coproduct h is given by
h = F0hF−1 (101)
where 0h is the undeformed coproduct of h.
The antipode S(h) is obtained from the coproduct h
using the identity
m[(S ⊗ 1)h] = m[(1 ⊗ S)h] = (h), (102)
where (h) is the counit, which remains undeformed.
Coproducts and antipodes of pμ and Lμν are given by
pμ = F0 pμF−1 = pμ ⊗ 1 + (eK)αμ ⊗ pα, (103)
Lμν = F0 LμνF−1 = Lμν ⊗ 1 +
(
(e−K)βγ
∂(eK)γ α
∂pμ
pν
+ (e−K)βν(eK)μα
)
⊗ Lαβ, (104)
S(pμ) = −(e−K)αμ pα, (105)
S(Lμν) = −
(
(eK)βγ
∂(e−K)γ α
∂S(pμ)
S(pν)
+ (eK)βν(e−K)μα
)
Lαβ . (106)
For the family i) of commutative spaces (Sect. 5.1), the
coproduct and the antipode of pμ are given by
pμ = 0 pμ + cuμ(u · p) ⊗ (u · p), (107)
S(pμ) = −pμ − cuμ (u · p)
2
1 + cu2(u · p) . (108)
For the family (ii) of commutative spaces (Sect. 5.1), the
coproduct and the antipode of pμ are given by
pμ = 0 pμ + cuμ[(u · p) ⊗ (u · p) − u2 pα ⊗ pα],
(109)
S(pμ) = −pμ − cuμ
[
(u · p)2 − u2 p2
]
. (110)
For the family (iii) of commutative spaces (Sect. 5.1), the
coproduct and the antipode of pμ are given by
pμ = 0 pμ + cuμ(u · p) ⊗ (u · p) − cu2[(u · p) ⊗ pμ
+ pμ ⊗ (u · p)], (111)
S(pμ) = − pμ1 − cu2(u · p) + cuμ
(
u · p
1 − cu2(u · p)
)2
.
(112)
For the families C1,2,3,4 of κ-Minkowski spaces (65), (66),
(67) and (68), presented in Sect. 5.2, coproducts and
antipodes of pμ and Lμν are presented in [35].
For deformed phase spaces generated by the Poincaré–
Weyl generators (86), presented in Sect. 5.3, the coprod-
ucts are coassociative only in two cases—case c1 = 0
and case c2 = 0 with u2 = 0—which correspond to κ-
Minkowski space. Otherwise, these deformed phase spaces
lead to a generalized Hopf algebra (quasi-bialgebra) with
non-coassociative coproducts. For these deformed phase
spaces, the coproduct and antipode of pμ are given by
pμ = 0 pμ + c1(pμ ⊗ u · p − uμ pα ⊗ pα)
+ c2(u · p) ⊗ pμ + O(1/M2), (113)
S(pμ) = −pμ(1 − (c1 + c2)(u · p)) − c1uμ p2 + O(1/M2).
(114)
7 Transposed twists and left–right dual algebras
The transposed twist F˜ = τ0Fτ0, obtained from F by inter-
changing left and right side of the tensor product, is given by
F˜ = exp
(
(xˆα − xα) ⊗ (−i pWα )
)
. (115)
Twist F˜ will be a Drinfeld twist, satisfying cocycle and nor-
malization condition, if and only if this also holds for the
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twist F . From the transposed twist F˜ , a set of dual non-
commutative coordinates can be obtained,
yˆμ = m
[
F˜−1( ⊗ 1)(xμ ⊗ 1)
]
= xα
(
e−K(pW )
)
μ
α.
(116)
In the second order of deformation, dual coordinates yˆμ are
given by
yˆμ = xμ + K μβαxα pβ
+ 1
2
(K μβλK λγ α − K μλα K βγ λ)xα pβ pγ
+O(1/M3). (117)
Commutators [xˆμ, yˆν] and [yˆμ, yˆν] are given by
[xˆμ, yˆν ] = i
2
[
(K βμλ − K μβλ)K νλα
+ K νμλK λβα − K νβλK λμα
]
xα pβ + O(1/M3)
≡ i
2
T βμναxβ pα + O(1/M3), (118)
[yˆμ, yˆν ] = − i(K μνλ − K νμλ)yˆλ + i2
[
(K μνλ − K νμλ)K λβα
+ (K μβλ − K βμλ)(K νλα − K λνα) − (K μβλ
− K βμλ)(K νλα − K λνα)
− K βμλK λνα + K βνλK λμα
]
xα pβ + O(1/M3)
= − i(K μνλ − K νμλ)yˆλ
+ i
2
(T μβνα − T νβμα)xα pβ + O(1/M3), (119)
where T μνβα is given by
T μνβα = (K μνλ−K νμλ)K βλα+K βνλK λμα−K βμλK λνα.
(120)
The condition T μνβα = 0 is equivalent to the condition (31),
which corresponds to the case of a Lie-algebraic deformation.
For commutative spaces (50)–(52), coproducts are cocom-
mutative, therefore F˜ and F are equivalent, i.e. F−1−F˜−1 ∈
I0, and the result is trivial: yˆμ = xˆμ. For the special
cases of κ-Minkowski spaces, the results for yˆμ are given in
Sect. VII of [35]. For Lie-algebraic deformations, the non-
commutative coordinates xˆμ commute with their duals yˆμ,
[xˆμ, yˆν] = 0, (121)
and their duals also close a Lie algebra,
[yˆμ, yˆν] = −iCμνλ yˆλ. (122)
For deformed phase spaces generated by the Poincaré-
Weyl generators (86), the result for yˆμ to second order is
yˆμ = xμ + c1
(
uμ(x · p) − (u · x)pμ) + c2xμ(u · p)
+ c1
2
[
c1
(
2(u · x)(u · p)pμ − uμ(u · x)p2 − u2(x · p)pμ)
+ c2
(
xμ(u · p)2 − xμu2 p2 + uμ(x · p)(u · p) − (u · x)(u · p)pμ)]
+ O(1/M3). (123)
The generators (86) fail to commute with their duals in the
second order,
[xˆμ, yˆν] = i c1
2
{
c1u
2((x · p)ημν − xμ pν)
+ c2
[
(xμ(u · p) − uμ(x · p))uν
−(u · x)((u · p)ημν − uμ pν)]}
+ O(1/M3), (124)
and the commutator of their duals is given by
[yˆμ, yˆν] = i(c2 − c1)(uμ yˆν − uν yˆμ)
+i c1
2
{c1u2(xμ pν − xν pμ)
+c2[(uμxν − uνxμ)(u · p)
−(u · x)(uμηβν − uνηβμ)] + O(1/M3)}
= i(c2 − c1)(uμ yˆν − uν yˆμ)
+c1[c1u2 Mμν + c2uα(uμMαν − uν Mαμ)]
+O(1/M3). (125)
8 Outlook and discussion
Families of vector-like deformed relativistic quantum phase
spaces and corresponding realizations are analyzed. A
method for a general construction of the star product is pre-
sented. The corresponding twist, expressed in terms of the
phase space coordinates, in the Hopf algebroid sense is pre-
sented. General linear realizations are considered and corre-
sponding twists, in terms of the momenta and the Poincaré–
Weyl generators or gl(n) generators, are constructed and
the R-matrix is discussed. A classification of linear realiza-
tions leading to vector-like deformed phase spaces is given.
There are three types of spaces: (i) commutative spaces,
(ii) κ-Minkowski spaces and (iii) κ-Snyder spaces. The cor-
responding star products are (i) associative and commuta-
tive (but non-local), (ii) associative and non-commutative
and (iii) non-associative and non-commutative, respectively.
Twisted symmetry algebras are considered. The transposed
twists and left–right dual algebras are presented.
In this paper, we were dealing mostly with linear realiza-
tions and corresponding twists. In commutative spaces (Sect.
5.1) and κ-Minkowski spaces (Sect. 5.2), i.e. in Lie-deformed
Minkowski spaces, linear realizations lead to Drinfeld twists
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satisfying the cocycle and normalization conditions. In κ-
Snyder spaces (Sect. 5.3), the star product is non-associative
and the twist does not satisfy the cocycle condition. Field
theories defined on spaces with non-associative star prod-
ucts are constructed; see for example versions on κ-Snyder
space [44,45] and on Snyder space [42,58–60]. The prop-
erties of field theories on non-associative star products are
currently under investigation. In [40], a phenomenological
analysis related to vector-like deformations of the relativistic
quantum phase space and relativistic kinematics was elabo-
rated up to first order in the deformation, particularly on parti-
cle propagation in spacetime. Note that if NC coordinates xˆμ
close a Lie algebra in xˆμ, then the corresponding deformed
quantum phase space has a Hopf algebroid structure [46–
49]. Otherwise, the coproduct is non-coassociative and the
corresponding structure should be quasi-bialgebroid. A gen-
eralization of the Hopf algebroid which includes an antipode
is under investigation. The corresponding symmetry alge-
bra is a certain deformation of the igl(n) Hopf algebra. This
new framework is more suitable for addressing questions of
quantum gravity [62] and related new effects of Planck scale
physics.
We point out that in all Lie-deformed Minkowski spaces,
the problem of finding all possible linear realizations is
closely related to the classification of bicovariant differential
calculi on κ-Minkowski space [55]. Namely, the requirement
that differential calculus is bicovariant leads to finding all
possible Lie superalgebras generated by non-commutative
coordinates and non-commutative one-forms. The corre-
sponding equations for the structure constants from super
Jacobi identities are the same as (31). Linear realizations
expressed in terms of the Heisenberg algebra can be extended
to a super Heisenberg algebra by introducing Grassman coor-
dinates and momenta. The corresponding extended twists
generate whole differential calculi. In [63], a new class of lin-
ear realizations leading to Lie-deformed Minkowski spaces
has been proposed and the related twisted statistics properties
have been considered.
It is much easier to understand and to perform practical
calculations in the non-commutative space with a linear real-
ization of non-commutative coordinates. In [64–66] it is pro-
posed that the non-commutative metric should be a central
element of the whole differential algebra and that it should
encode some of the main properties of the quantum theory of
gravity. Linear realizations might provide a way to perform
such calculations for a large class of deformations, and for
all types of bicovariant differential calculi and predict new
contributions to the physics of quantum black holes and the
quantum origin of the cosmological constant [67,68].
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A Calculation of pWµ
The momentum pWμ is calculated from
pμ =
(
1 − e−K
K
)
α
μ pWα . (A1)
Multiplying by the inverse matrix leads to
pWμ =
( K
1 − e−K
)
α
μ pα (A2)
or, order by order,
pWμ =
(
1 + K(p
W )
2
+ K(p
W )2
12
− K(p
W )4
720
+ O(K6)
)
α
μ pα.
(A3)
The first few terms in the expansion are
(pW(0))μ = pμ,
(pW(1))μ =
Kαμ(p)
2
pα,
(pW(2))μ =
(K(K(p)p)
4
+ K(p)
2
12
)
α
μ pα,
(pW(3))μ =
(K(K(K(p)p)p)
8
+ K(K(p)
2 p)
24
+ K(p)K(K(p)p)
24
+ K(K(p)p)K(p)
24
)
α
μ pα.
(A4)
For Kμνα leading to non-commutative coordinates xˆμ that
close a Lie algebra, i.e. [xˆμ, xˆν] = iCμνλ xˆλ, this can be
written without nesting:
(pW(0))μ = pμ,
(pW(1))μ =
1
2
Kαμ pα,
(pW(2))μ =
[(K
3
− C
4
)
K
]
α
μ pα,
(pW(3))μ =
[(K
2
− C
3
)(
K − C
2
) K
2
]
α
μ pα,
(A5)
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where Kμν = −K μαν pα and Cμν = −Cμαν pα , where
Cμαν = K μαν − K αμν are structure constants. For exam-
ple, for linear realizations of commutative coordinates, i.e.
[xˆμ, xˆν] = 0, pWμ is given by
pWμ =
[− ln(1 − K)
K
]
α
μ pα. (A6)
For κ-Minkowski space, see [35].
References
1. S. Doplicher, K. Fredenhagen, J.E. Roberts, Spacetime quantiza-
tion induced by classical gravity. Phys. Lett. B 331, 39 (1994)
2. S. Doplicher, K. Fredenhagen, J.E. Roberts, The quantum structure
of spacetime at the Planck scale and quantum fields. Commun.
Math. Phys. 172, 187 (1995)
3. S. Majid, Foundations of Quantum Group Theory (Cambridge Uni-
versity Press, Cambridge, 1995)
4. J .E. Moyal, Quantum Mechanics as a Statistical Theory Mathemat-
ical Proceedings of the Cambridge Philosophical Society (Cam-
bridge University Press, Cambridge, 1949), pp. 99–124
5. J. Lukierski, H. Ruegg, Quantum kappa Poincaré in any dimension.
Phys. Lett. B 329, 189 (1994). arXiv:hep-th/9310117
6. J. Lukierski, A. Nowicki, H. Ruegg, V.N. Tolstoy, Q-deformation
of Poincaré algebra. Phys. Lett. B 264, 331 (1991)
7. J. Lukierski, A. Nowicki, H. Ruegg, New quantum Poincaré algebra
and k-deformed field theory. Phys. Lett. B 293, 344 (1992)
8. J. Kowalski-Glikman, S. Nowak, Doubly special relativity theories
as different bases of κ-Poincaré algebra. Phys. Lett. B 539, 126
(2002). arXiv:hep-th/0203040
9. G. Amelino-Camelia, Doubly-special relativity: first results and
key open problems. Int. J. Mod. Phys. D 11, 35 (2002).
arXiv:gr-qc/0210063
10. G. Amelino-Camelia, Testable scenario for Relativity
with minimum-length. Phys. Lett. B 510, 255 (2001).
arXiv:hep-th/0012238
11. D. Kovacˇevic´, S. Meljanac, A. Pachoł, R. Štrajn, Generalized
Poincare algebras, Hopf algebras and kappa-Minkowski spacetime.
Phys. Lett. B 711, 122–127 (2012). arXiv:1202.3305 [hep-th]
12. A. Connes, Noncommutative Geometry (Academic Press, New
York, 1994)
13. S. Majid, H. Ruegg, Bicrossproduct structure of κ-Poincaré group
and non-commutative geometry. Phys. Lett. B 334, 348–354
(1994). arXiv:hep-th/9405107
14. J. Lukierski, H. Ruegg, W.J. Zakrzewski, Classical and quantum
mechanics of free κ-relativistic systems. Ann. Phys. 243, 90–116
(1995). arXiv:hep-th/9312153
15. P. Kosinski, P. Maslanka, J. Lukierski, A. Sitarz, Generalized
kappa-deformations and deformed relativistic scalar fields on non-
commutative Minkowski Space. Proceedings of the Conference
Topics in Mathematical Physics, General Relativity and Cosmol-
ogy, World Scientific, Singapore (2003). arXiv:hep-th/0307038
16. J. Lukierski, V. Lyakhovsky, M. Mozrzymas, κ-deformations of
D = 4 Weyl and conformal symmetries. Phys. Lett. B 538, 375
(2002). arXiv:hep-th/0203182
17. P. Kosin´ski, J. Lukierski, P. Mas´lanka, κ-deformed Wigner con-
struction of relativistic wave functions and free fields on κ-
Minkowski space. Nucl. Phys. Proc. Suppl. 102, 161–168 (2001).
arXiv:hep-th/0103127
18. J. Lukierski, in Proceedings of Alushta Conference on Recent
Problems in QFT, May 1996, ed. D. Shirkov, D. I. Kazakov
A. A. Vladimirov, Dubna, p. 82 (1996)
19. S. Pramanik, S. Ghosh, P. Pal, Electrodynamics of a generalized
charged particle in doubly special relativity framework. Ann. Phys.
346, 113 (2014). arXiv:1212.6881 [hep-th]
20. S. Ghosh, P. Pal, Deformed special relativity and deformed sym-
metries in a canonical framework. Phys. Rev. D 75, 105021 (2007).
arXiv:hep-th/0702159
21. T.R. Govindarajan, K.S. Gupta, E. Harikumar, S. Meljanac, D.
Meljanac, Deformed oscillator algebras and QFT in κ-Minkowski
spacetime. Phys. Rev. D 80, 025014 (2009). arXiv:0903.2355 [hep-
th]
22. S. Meljanac, A. Samsarov, J. Trampetic´, M. Wohlgenannt, Scalar
field propagation in the φ4 kappa-Minkowski model. JHEP 1112
(2011). arXiv:1111.5553 [hep-th]
23. F.A. Bais, N.M. Muller, B.J. Schroers, Quantum group symmetry
and particle scattering in (2 + 1)-dimensional quantum gravity.
Nucl. Phys. B 640, 3–45 (2002). arXiv:hep-th/0205021
24. C. Meusburger, B. Schroers, Generalised Chern-Simons actions for
3d gravity and κ-Poincaré symmetry. Nucl. Phys. B 806, 462–488
(2009). arXiv:0805.3318 [hep-th]
25. G. Amelino-Camelia, L. Smolin, A. Starodubtsev, Quantum sym-
metry, the cosmological constant and Planck scale phenomenology
Class. Quant. Gravit. 21, 3095 (2004). arXiv:hep-th/0306134
26. L. Freidel, J. Kowalski-Glikman, L. Smolin, 2 + 1 gravity and
Doubly special relativity. Phys. Rev. D 69, 044001 (2004).
arXiv:hep-th/0307085
27. L. Freidel, E.R. Livine, 3d Quantum gravity and effective non-
commutative quantum field theory. Phys. Rev. Lett. 96, 221301
(2006). arXiv:hep-th/0512113
28. M. Chaichian, A. Demichev, Introduction to Quantum Groups
(World Scientific, Singapore, 1996)
29. J. Madore, An Introduction to Noncommutative Differential Geom-
etry and its Physical Applications (London Mathematical Soci-
ety Lecture Note Series) (Cambridge University Press, Cambridge,
1999)
30. V.G. Drinfeld, Quantum groups. Proceedings of the ICM, Rhode
Island (1987)
31. P. Aschieri, M. Dimitrijevic´, P. Kulish, F. Lizzi, J. Wess, Noncom-
mutative Spacetimes: Symmetries in Noncommutative Geometry
and Field Theory (Lecture Notes in Physics) (Springer, New York,
2009)
32. P. Aschieri, F. Lizzi, P. Vitale, Twisting all the way: from classical
mechanics to quantum fields. Phys. Rev. D 77, 025037 (2008).
arXiv:0708.3002 [hep-th]
33. V.G. Drinfeld, Hopf algebras and the quantum Yang–Baxter equa-
tion. Sov. Math. Dokl. 32, 254 (1985)
34. V.G. Drinfeld, Quasi Hopf algebras. Algebra Anal. 1, 6 (114)
(1989). (Leningrad Math. J. 1:6, 1419 (1990))
35. T. Juric´, S. Meljanac, D. Pikutic´, Realizations of κ-Minkowski
space, Drinfeld twists and related symmetry algebras. Eur. Phys. J.
C 75(5281506), 04955 (2015)
36. S. Meljanac, D. Meljanac, F. Mercati, D. Pikutic´, Noncommutative
spaces and Poincaré symmetry. Phys. Lett. B 766, 181–185 (2017).
arXiv:1610.06716 [hep-th]
37. S. Meljanac, M. Stojic, New realizations of Lie algebra kappa-
deformed Euclidean space. Eur. Phys. J. C47, 531–539 (2006).
arXiv:hep-th/0605133
38. S. Krešic´-Juric´, S. Meljanac, M. Stojic´, Covariant realizations
of kappa-deformed space. Eur. Phys. J. C51, 229–240 (2007).
arXiv:hep-th/0702215
39. S. Meljanac, S. Krešic´-Juric´, Differential structure on kappa-
Minkowski space, and kappa-Poincare algebra. Int. J. Mod. Phys.
A 26(20), 3385–3402 (2011). arXiv:1004.4647
123
 830 Page 12 of 12 Eur. Phys. J. C   (2017) 77:830 
40. N. Loret, S. Meljanac, F. Mercati, D. Pikutic´, Vector-like deforma-
tions of Minkowski space and relativistic kinematics to appear in
Int. J. Modern Phys. D arXiv:1610.08310 [hep-th]
41. H.S. Snyder, Quantized space-time. Phys. Rev. 71(1), 38 (1947)
42. M.V. Battisti, S. Meljanac, Scalar field theory on non-
commutative snyder space-time. Phys. Rev. D 82, 024028 (2010).
arXiv:1003.2108 [hep-th]
43. S. Meljanac, D. Meljanac, S. Mignemi, R. Štrajn, Snyder-
type spaces, twisted Poincaré algebra and addition of momenta.
arXiv:1608.06207 [hep-th]
44. S. Meljanac, D. Meljanac, A. Samsarov, M. Stojic´, Kappa-
deformed Snyder spacetime. Mod. Phys. Lett. A 25, 579–590
(2010). arXiv:0912.5087 [hep-th]
45. S. Meljanac, D. Meljanac, A. Samsarov, M. Stojic´, Kappa Snyder
deformations of Minkowski spacetime, realizations and Hopf alge-
bra. Phys. Rev. D 83, 065009 (2011). arXiv:1102.1655 [hep-th]
46. T.R. Govindarajan, K.S. Gupta, E. Harikumar, S. Meljanac, D. Mel-
janac, Twisted statistics in kappa-Minkowski spacetime. Phys. Rev.
D 77, 105010 (2008). arXiv:0802.1576 [hep-th]
47. T. Juric´, S. Meljanac, R. Štrajn, Twists, realizations and Hopf alge-
broid structure of kappa-deformed phase space. Int. J. Mod. Phys.
A 29(5), 1450022 (2014). arXiv:1305.3088 [hep-th]
48. T. Juric´, S. Meljanac, R. Štrajn, κ-Poincaré-Hopf algebra and Hopf
algebroid structure of phase space from twist. Phys. Lett. A 377,
2472–2476 (2013). arXiv:1303.0994 [hep-th]
49. T. Juric´, D. Kovacˇevic´, S. Meljanac, κ-Deformed Phase Space,
Hopf Algebroid and Twisting SIGMA 10, 106, p. 18 (2014).
arXiv:1402.0397 [hep-th]
50. J. Lukierski, Z. Škoda, M. Woronowicz, Deformed covariant quan-
tum phase spaces as Hopf algebroids. Phys. Lett. B 750, 401–406
(2015). arXiv:1507.02612 [hep-th]
51. S. Meljanac, Z. Škoda, M. Stojic´, Lie algebra type noncommutative
phase spaces are Hopf algebroids. Lett. Math. Phys. 107(3), 475–
503 (2017). arXiv:1409.8188
52. S. Meljanac, Z. Škoda, Hopf algebroid twists for deformation quan-
tization of linear Poisson structures. arXiv:1605.01376 [hep-th]
53. S. Meljanac, A. Samsarov, R. Štrajn, Kappa-deformation of phase
space; generalized Poincare algebras and R-matrix. JHEP 08, 127
(2012). arXiv:1204.4324 [hep-th]
54. T. Juric´, S. Meljanac, R. Štrajn, Universal κ-Poincaré covariant
differential calculus over κ-Minkowski space. Int. J. Mod. Phys. A
29, 1450121 (2014). arXiv:1312.2751 [hep-th]
55. T. Juric, S. Meljanac, D. Pikutic´, R. Štrajn, Toward the classifica-
tion of differential calculi on κ-Minkowski space and related field
theories. JHEP 1507, 055 (2015). arXiv:1502.02972 [hep-th]
56. A. Borowiec, A. Pachoł, κ-Minkowski spacetime as the result of
Jordanian twist deformation. Phys. Rev. D 79, 045012 (2009).
arXiv:0812.0576 [hep-th]
57. S. Meljanac, D. Meljanac, A. Pachoł, D. Pikutic´, Remarks on
simple interpolation between Jordanian twists J. Phys. A 50(26),
265201 (2017). arXiv:1612.07984 [hep-th]
58. F. Girelli, E.R. Livine, Scalar field theory in Snyder space-time:
alternatives. JHEP 1103, 132 (2011). arXiv:1004.0621 [hep-th]
59. S. Meljanac, D. Meljanac, S. Mignemi, R. Štrajn, Quantum field
theory in generalised Snyder spaces. Phys. Lett. B 768, 321–325
(2017). arXiv:1701.05862 [hep-th]
60. S. Meljanac, S. Mignemi, J. Trampetic´, J. You, Nonassociative
Snyder φ4 quantum field theory. Phys. Rev. D 96, 045021 (2017).
arXiv:1703.10851 [hep-th]
61. P. Aschieri, C. Blohmann, M. Dimitrijevic´, F. Meyer, P. Schupp, J.
Wess, A gravity theory on non-commutative spaces. Class. Quant.
Gravit. 22, 3511 (2005). arXiv:hep-th/0504183
62. P. Aschieri, M. Dimitrijevic´, F. Meyer, J. Wess, Noncommuta-
tive geometry and gravity Class. Quant. Gravit. 23, 1883 (2006).
arXiv:hep-th/0510059
63. D. Meljanac, S. Meljanac, D. Pikutic´, K.S. Gupta, Twisted statistics
in Lie-deformed Minkowski spaces. arXiv:1703.09511 [hep-th]
64. E. Beggs, R. Makki, The Majid-Ruegg model and the Planck scales.
arXiv:1306.4518 [hep-th]
65. E. Beggs, S. Majid, Gravity induced from quantum space time.
Class. Quant. Gravit. 31, 035020 (2014). arXiv:1305.2403 [hep-
th]
66. A. Borowiec, T. Juric´, S. Meljanac, A. Pachoł, Central tetrads and
quantum spacetimes. Int. J. Geom. Methods Mod. Phys. 13(08),
1640005 (2016). arXiv:1602.01292 [hep-th]
67. S. Majid, W. Tao, Noncommutative differentials on poisson-lie
groups and pre-Lie algebras. arXiv:1412.2284 [hep-th]
68. S. Majid, W. Tao, Cosmological constant from quantum spacetime.
arXiv:1412.2285 [hep-th]
123
